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1. Introduction
A completely integrable Hamiltonian system is the data of an involutive family of functionally independent functions
(H1, . . . , Hn) on a 2n-dimensional symplectic manifold (M,ω), that we can consider as constants of motion for the Hamil-
tonian function H = H1. Geometrically, it means that we have on M a Lagrangian foliation, or a Lagrangian ﬁbration (for
a simple foliation). When the leaves are compact, the system is said to be integrable in the sense of Arnold–Liouville. In
this case, they are n-dimensional torus and around each of them, we have special canonical coordinates called action-angle
coordinates. So an Arnold–Liouville system can be geometrically deﬁned as a ﬁbration π : M −→ B of a 2n-dimensional
symplectic manifold M on a n-dimensional basis B , with compact ﬁbres and the data of some π -basic Hamiltonian func-
tion H .
Now, if M is also endowed with another symplectic form ω1, compatible with ω, i.e. so that the endomorphisms ﬁeld N
joining the two symplectic forms has a vanishing Nijenhuis torsion—such a manifold is called an ωN-manifold—we have
on M , under a suitable assumption on the spectrum of N , special canonical coordinates called Darboux–Nijenhuis coordi-
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in DN coordinates if there are relations of the form
φi(λi,μi, H1, . . . , Hn) = 0, i = 1, . . . ,n, det
[
∂φi
∂H j
]
= 0.
This implies that the Hamilton–Jacobi equation associated to each function Hi is separable. G. Falqui and M. Pedroni [9]
give an intrinsic characterization of this notion: the family (H1, . . . , Hn) is involutive for both Poisson brackets given by the
ωN-structure, i.e. the foliation deﬁned by (H1, . . . , Hn) must be bi-Lagrangian. Thus we can geometrically deﬁne a separable
completely integrable Hamiltonian system on an ωN-manifold as the data of a bi-Lagrangian foliation on M . Of course, in
general, a completely integrable system is not separable, the Lagrangian foliation not having any reason to be bi-Lagrangian.
However, when the leaves are compact and if the Hamiltonian vector ﬁeld XH is also Hamiltonian relatively to ω1,—so is a
bi-Hamiltonian vector ﬁeld—, then under a generic suitable condition on H (non-degenerate), we know that the foliation is
bi-Lagrangian and so the system is separable. This result appeared, among a lot of properties, in the geometrical study of
bi-Hamiltonian systems made in the context of Arnold–Liouville integrability [4,5,10].
Here, we want to deal with the same problem for the quasi-bi-Hamiltonian, again in the framework of Arnold–Liouville
integrability. The concept of quasi-bi-Hamiltonian system [6] is weaker than bi-Hamiltonian one and essentially motivated
by the diﬃculty to ﬁnd a bi-Hamiltonian formulation for a given Hamiltonian ﬁeld; in fact, the idea of this object, was
ﬁrst introduced by the last author of [6], in his thesis [13], as a (ρ, s)-structure. This ﬁrst published reference [6] on this
subject, dealt only with two degrees of freedom case; C. Morosi and G. Tondo [12] soon generalized all these notions to
an arbitrary number of degrees of freedom. As a matter of fact, the origin of quasi-bi-Hamiltonian systems can be found
in a Riemannian context [1,3,7]; indeed, when two metrics are projectively equivalent—they have the same geodesics, not
as parametrized curves but as geometrical ones—then the geodesic ﬂow is quasi-bi-Hamiltonian relatively to the symplectic
forms arising from these metrics and its complete integrability, in the case of the ellipsoid, can be established in this way [7,
15,16]. M. Blaszak showed that the so-called Pfaﬃan quasi-bi-Hamiltonian systems have an involutive family of functionally
independent constants of motion and so are completely integrable [2].
In the following, we recall some basic facts about Arnold–Liouville integrability, ωN-manifolds, quasi-bi-Hamiltonian
systems and separability. Then, we prove under suitable assumptions, the separability of quasi-bi-Hamiltonian systems of
Arnold–Liouville type and give a geometrical characterization of Arnold–Liouville systems which can be endowed with a
quasi-bi-Hamiltonian structure.
2. Materials
2.1. Arnold–Liouville integrability
The Liouville integrability of a Hamiltonian H on a 2n-dimensional symplectic manifold (M,ω) is deﬁned by the ex-
istence of an involutive family (H1 = H, H2, . . . , Hn) of n functionally independent ﬁrst integrals. If we suppose that the
levels of the application
H := (H1 = H, H2, . . . , Hn)
are compact and connected, then, the Arnold–Liouville theorem claims that each level H−1(c) is a n-dimensional torus and
that around each of these levels, there are special symplectic (or canonical) coordinates, denoted
(q1, . . . ,qn, θ1, . . . , θn),
and called action-angle coordinates. We will give more details after the following deﬁnition given by Duistermaat [8] and
which allows a geometrical formulation of completely integrable Hamiltonian systems in the sense of Arnold–Liouville.
Deﬁnition 2.1. Let be π : M2n −→ B a ﬁbration where M2n is a 2n-dimensional symplectic manifold, with symplectic form ω,
and B a n-dimensional manifold. This ﬁbration will be called an Arnold–Liouville–Duistermaat ﬁbration if for all b ∈ B , the
ﬁbre π−1(b), is a compact, connected and Lagrangian submanifold of M2n . Brieﬂy, we will say that (M,ω,π, B) is an ALD
ﬁbration.
Now recall the classical Arnold–Liouville theorem in the framework of the ALD ﬁbrations.
Theorem 2.2. Let be (M,ω,π, B) an ALD ﬁbration; then, we have the following statements.
1. For all b ∈ B, the ﬁbre π−1(b) is diffeomorphic to the n-dimensional torus Tn.
2. For all b ∈ B, there are,
i) a tubular neighbourhood Ω of π−1(b),
ii) an open neighbourhood U of 0 in Rn,
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Ω and U ×Rn is endowed with the canonical symplectic form
n∑
i=1
dqi ∧ dθi,
with q1, . . . ,qn (resp. θ1, . . . , θn) coordinates on U (resp. Tn),
iv) a diffeomorphism ϕ : π(Ω) −→ U , such that the following diagram:
Ω
φ
π
U ×Tn
pr1
π(Ω)
ϕ
U
commutes, where pr1 denotes the projection on the ﬁrst factor. In others words, up to a symplectomorphism, around each
ﬁbre of an ALD ﬁbration, it looks like the manifold U × Rn endowed with its canonical symplectic structure and so, around
such a ﬁbre, we have special coordinates (q1, . . . ,qn, θ1, . . . , θn) ∈ U × Tn, called action-angle coordinates. Moreover, using
the diffeomorphism ϕ , we obtain coordinates around b ∈ B, namely the projection of action coordinates q1, . . . ,qn; these
coordinates endow the basis B with an integral aﬃne structure.
In this paper we are only interested in the Hamiltonian for which the ring of ﬁrst integrals determines the ﬁbration. This
condition is satisﬁed for the so-called non-degenerate Hamiltonians deﬁned below.
Deﬁnition 2.3. Let be (M,ω,π, B) an ALD ﬁbration and H = π∗H , with H ∈ C∞(B), a basic1 Hamiltonian for this ﬁbration;
H is said to be non-degenerate if, on a dense open set of B , the Hessian matrix of the local expression of H , in aﬃne
coordinates, has a maximal rank.
Note that this deﬁnition is available, i.e. the assumption made on the Hessian matrix is independent of the choice of
coordinates, because change of coordinates are aﬃne ones.
It is not diﬃcult to verify that, for such a non-degenerate Hamiltonian, its only ﬁrst integrals are basic functions and so
the ring of ﬁrst integrals determines the ﬁbration.
2.2. Quasi-bi-Hamiltonian systems on ωN manifolds
The notion of ωN manifold is a typical kind of manifold endowed with several compatible structures; it was initially
introduced by F. Magri and C. Morosi in their fundamental paper devoted to bi-Hamiltonian systems [11].
Deﬁnition 2.4. An ωN manifold is a triple (M,ω,N), where M is a manifold, ω a symplectic form on M and N a (1,1)-
tensor ﬁeld—or endomorphism ﬁeld—, satisfying the two following conditions:
i) N is ω-symmetric, i.e.
∀X, Y ∈ X (M), ω(NX, Y ) = ω(X,NY ),
ii) N has a vanishing Nijenhuis torsion, i.e.
∀X, Y ∈ X (M), [NX,NY ] − N[NX, Y ] − N[X,NY ] + N2[X, Y ] = 0.
The tensor ﬁeld N will be called the Nijenhuis operator, or the recursion operator, of the ωN-manifold.
Remark 2.5. From now, in the whole paper, we will make the supplementary assumption that the recursion operator N has
a maximal rank, so is invertible; with such a hypothesis, the 2-form ω1 deﬁned by
∀X, Y ∈ X (M), ω1(X, Y ) := ω(NX, Y ) (1)
is a second symplectic form on M . The two forms ω and ω1 are said to be compatible; in terms of the associated Poisson
brackets { } and { }1, it means that for all scalar λ, the bracket deﬁned as { }λ := { } + λ{ }1 is also a Poisson bracket.
In the following, we will present an ωN-manifold indifferently as a triple (M,ω,N), or as a triple (M,ω,ω1), the two
compatible symplectic forms and the Nijenhuis tensor being joined by the relation (1).
1 Let us recall that a function f ∈ C∞(M) is said basic for a ﬁbration π : M −→ B , if it is constant on the ﬁbres, i.e. there is a function f ∈ C∞(B)
satisfying f = π∗ f := f ◦ π .
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Nx joins two skewsymmetric forms—have even multiplicities. So, the maximal number of eigenvalues for Nx is equal to
n = dimM/2 and, in the case where it is exactly equal to n, Nx is diagonalizable. If we are in this situation at a point x,
then we remain in this situation in a neighbourhood of x.
Deﬁnition 2.6. An 2n-dimensional ωN manifold is said to be semisimple if its recursion operator N has, at every point,
n distinct eigenvalues λ1, . . . , λn . If, moreover, these eigenvalues are functionally independent on M , the ωN manifold is
said to be regular.
We recall without proof the following classical result, which is a consequence of the integrability condition given by the
assumption of compatibility, i.e. by the fact that N has a vanishing Nijenhuis torsion.
Proposition 2.7. Let be M a regular semisimple ωN manifold; let us denote N its Nijenhuis tensor (or recursion operator) with
eigenvalues λ1, . . . , λn and E1, . . . , En the distributions of the eigenspaces, i.e. for all i ∈ {1, . . . ,n}, Ei = Ker(N − λi I).
Then, we have the following properties.
1. For all S ⊂ {1, . . . ,n}, the distribution
D :=
⊕
i∈S
Ei
is integrable and for all j ∈ {1, . . . ,n} \ S, λ j is a ﬁrst integral of D. In particular, all the distributions Ei are integrable and for all
j = i, λ j is a ﬁrst integral of Ei ; we denote F1, . . . , Fn the tangent foliations to these distributions and so we have Ei = TFi for all
i ∈ {1, . . . ,n}.
2. The tangent bundle of the manifold M admits the decomposition
TM = E1 ⊕ · · · ⊕ En = TF1 ⊕ · · · ⊕ TFn
where, for all i = j, Ei = TFi and E j = TF j are orthogonal relatively to the symplectic forms ω and ω1 .
Corollary 2.8. In the previous situation, with the same notations, for any point x ∈ M, there are local canonical coordinates
(x1, . . . , xn, y1, . . . , yn) on an open set U around x, so that the restrictions on U of the symplectic forms ω and ω1 have the following
form
ω =
n∑
i=1
dxi ∧ dyi, ω1 =
n∑
i=1
λi(xi, yi)dxi ∧ dyi .
Of course, the recursion operator N is written
N =
n∑
i=1
λi(xi, yi)
(
dxi ⊗ ∂
∂xi
+ dyi ⊗ ∂
∂ yi
)
.
Because we assume to be in the regular case, where the eigenvalues λ1, . . . , λn are not only distinct but functionally independent, we
can take these functions as coordinates x1, . . . , xn; in this case we denote μ1, . . . ,μn the conjugate coordinates y1, . . . , yn. These
coordinates λ1, . . . , λn,μ1, . . . ,μn are often referred to as Darboux–Nijenhuis coordinates (DN coordinates).
Now, let us recall the two following classical deﬁnitions.
Deﬁnition 2.9. Let be (M,ω,ω1) an ωN manifold; a vector ﬁeld Z ∈ X (M) is said to be bi-Hamiltonian if there is a
function H so that,
i Zω = dH and L Zω1 = di Zω1 = 0.
In this situation we have, at least locally, the existence of a function F so that,
i Zω = dH and i Zω1 = dF .
The condition, for a ﬁeld Z = XH , to be locally Hamiltonian for a second compatible symplectic structure can be weak-
ened only by requiring that the 1-form i Zω1 is integrable. Locally, for a non-singular ﬁeld, this condition is equivalent to
the existence of an integrating factor; this leads to the following deﬁnition:
Deﬁnition 2.10. Let be (M,ω,ω1) an ωN manifold; a vector ﬁeld Z ∈ X (M) is said to be quasi-bi-Hamiltonian if there is a
function H and a positive function ρ so that,
i Zω = dH and Lρ Zω1 = diρ Zω1 = d(ρi Zω1) = 0.
We will call (M,ω,ω1, Z) a quasi-bi-Hamiltonian system and such a function ρ will be called an integrating factor of this
system.
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The notion of separability comes from the Hamilton–Jacobi equation; we recall now some facts about it. If (q1, . . . ,qn,
p1, . . . , pn) are symplectic coordinates, the Hamilton–Jacobi equation associated with a time-independent Hamiltonian H is
the partial differential equation
H
(
q1, . . . ,qn,
∂ S
∂q1
, . . . ,
∂ S
∂qn
)
= E
where, E is a constant and S an unknown function which can be seen as the generating function of a canonical transforma-
tion (q, p) → (Q , P ). This equation is said to be separable in (q, p) coordinates if it is possible to ﬁnd a solution S additively
separate in q1, . . . ,qn; searching for such a solution is equivalent to solving n ordinary differential equations. The separabil-
ity of the Hamilton–Jacobi equation depends of course on the Hamiltonian H and on the system of canonical coordinates
(q, p). We will say that H is separable in coordinates (q, p) if the associated Hamilton–Jacobi equation is separable.
Recently, G. Falqui and M. Pedroni have introduced the following notion [9].
Deﬁnition 2.11. An n-tuple (H1, . . . , Hn) of functionally independent smooth functions on an ωN manifold M is said to be
separable in the DN coordinates (λ1, . . . , λn,μ1, . . . ,μn) if there are relations of the form
φi(λi,μi, H1, . . . , Hn) = 0, i = 1, . . . ,n, det
[
∂φi
∂H j
]
= 0.
Example 2.12. For example, functions of the type
H1 = H1(λ1,μ1), . . . , Hn = Hn(λn,μn)
form such a separable n-tuple, because functions
φi(λi,μi,u1, . . . ,un) := Hi(λi,μi) − ui, i = 1, . . . ,n,
are obviously convenient.
These conditions imply the separability of the Hamilton–Jacobi equation associated to each Hamiltonian Hi . According
to Falqui and Pedroni [9], they are equivalent to the following property: the family (H1, . . . , Hn) is involutive both for the
two symplectic structures and so the associated ﬁbration is bi-Lagrangian, i.e. is Lagrangian both for the two compatible
symplectic forms deﬁned by the ωN-structure on M .
In the same way as for the Arnold–Liouville integrability, this leads to deﬁne the following geometrical object.
Deﬁnition 2.13. Let be π : M2n −→ B a ﬁbration where M2n is a 2n-dimensional ωN-manifold, with symplectic form ω, and
Nijenhuis tensor N , and B a n-dimensional manifold. This ﬁbration will be called a DN separable ﬁbration if, for all b ∈ B ,
the ﬁbre π−1(b), is a bi-Lagrangian submanifold of M2n . Brieﬂy, we will say that (M,ω,N,π, B) is an DNS ﬁbration.
3. ALD ﬁbrations with a quasi-bi-Hamiltonian structure
3.1. A few lemmata
Let us recall without proof the following result.
Lemma 3.1. For an ALD ﬁbration with a basic non-degenerate Hamiltonian H, the only ﬁrst integrals for the Hamiltonian vector ﬁeld
XH—deﬁned by the fact that its contraction with the symplectic form ω is the 1-form dH, i.e. i XHω = dH—are basic functions.
From this property, it is easy to obtain the two following lemmata, that we give without proof (see [4] for the ﬁrst one
and [14] for the second one).
Lemma 3.2. For an ALD ﬁbration with a basic non-degenerate Hamiltonian H, a ﬁeld Z is a symmetry for XH , i.e. satisﬁes [Z , XH ] = 0,
if and only if, Z is vertical (i.e. tangent to the ﬁbres) with basic coordinates.
Lemma 3.3. Let be an ALD ﬁbration with a basic non-degenerate Hamiltonian H. A ﬁeld Z is a mastersymmetry for XH , i.e. satisﬁes
[[Z , XH ], XH ] = 0, if and only if, Z has basic coordinates.
Now, we can state the following lemma,
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mastersymmetry for the Hamiltonian vector ﬁeld XH , if and only if, [Z ,ρXH ] is a vertical ﬁeld with basic coeﬃcients. In particular, if
Z ∈ X (M) is a symmetry for the vector ﬁeld ρXH , then Z is a mastersymmetry for XH .
Proof. If Z is a mastersymmetry for XH , i.e. [[Z , XH ], XH ] = 0, then according to Lemma 3.2, [Z , XH ] is vertical with basic
coordinates and moreover, according to Lemma 3.3, Z has basic coordinates. In these conditions, using the relation,
[Z ,ρXH ] = (Z .ρ)XH + ρ[Z , XH ], (2)
we obtain that [Z ,ρXH ] is vertical with basic coordinates.
Conversely, suppose that [Z ,ρXH ] is vertical, with basic coordinates. In this case, the ﬁeld (1/ρ)[Z ,ρXH ] has the same
property; we denote it V . Then, from (2), we obtain,
[Z , XH ] = − (Z .ρ)
ρ
XH + V , (3)
and so,
[[Z , XH ], XH]= −
[
(Z .ρ)
ρ
XH , XH
]
+ [V , XH ] = 1
ρ
(XH Z .ρ)XH ,
because ρ is basic and [V , XH ] = 0. But, (XH Z).ρ = [XH , Z ].ρ + (Z XH ).ρ = 0 because (3), and so Z is a mastersymme-
try. 
3.2. Main results
Let us begin with a remark and precise the framework in which we will work. If some Hamiltonian vector ﬁeld Z = XH
is quasi-bi-Hamiltonian, with a basic integrating factor ρ and if ρ is a function of the Hamiltonian H , i.e. ρ = f (H), then
ρXH = f (H)XH = XF (H) , where F is a primitive of f and so the vector ﬁeld XF (H) is bi-Hamiltonian. So, to study a really
quasi-bi-Hamiltonian situation and not a bi-Hamiltonian one, we will suppose that ρ and H are functionally independent,
i.e. dρ ∧ dH = 0. In a local trivialization U × Tn given by the Arnold–Liouville theorem and endowed with action-angle
coordinates (q1, . . . ,qn, θ1, . . . , θn), we can suppose without any restriction that not only dρ ∧ dH is not the null function,
but that everywhere on U , this form is non-vanishing and has a constant rank 2. From now, we will consider only quasi-bi-
Hamiltonian systems with Hamiltonian H and integrating factor ρ , such that dρ ∧ dH has a constant rank equal to 2.
3.2.1. Separability
Proposition 3.5. Let be S := (M,ω,π, B) an ALD ﬁbration and H a non-degenerate basic function on M so that the Hamiltonian
vector ﬁeld Z = XH be quasi-bi-Hamiltonian relatively to a regular ωN-structure on M, with a basic integrating factor. Then the
expression of the Nijenhuis tensor in action-angle coordinates has the following form:
N
∂
∂θi
=
n∑
i, j=1
aij(q)
∂
∂q j
+
n∑
i, j=1
bij(q)
∂
∂θ j
. (4)
Proof. Recall that the (1,1) tensor ﬁeld N is deﬁned by the identity,
∀X, Y ∈ X (M), ω1(X, Y ) = ω(NX, Y ). (5)
We begin with the calculation of [ρXH ,N∂/∂θi] and its consequences on N∂/∂θi .
From Eq. (5) and the ρXH -invariance of ω1, we obtain for all X, Y ∈ X (M),
ω1
([ρXH , X], Y )+ ω1(X, [ρXH , Y ])= LρXHω(NX, Y ) + ω([ρXH ,NX], Y )+ ω(NX, [ρXH , Y ]),
and so using again (5),
ω1
([ρXH , X], Y )= LρXHω(NX, Y ) + ω([ρXH ,NX], Y ).
But, because ω is closed, we have
LρXHω = diρXHω = d(ρ dH) = dρ ∧ dH
and so, we ﬁnally get
ω1
([ρXH , X], Y )= dρ ∧ dH(NX, Y ) + ω([ρXH ,NX], Y ).
Now, if we apply this equality to the ﬁeld X = ∂/∂θi , and because XH has basic coordinates, we get that for any ﬁeld Y
ω
([
ρXH ,N
∂
]
, Y
)
= dH ∧ dρ(NX, Y ). (6)∂θi
H. Boualem et al. / Differential Geometry and its Applications 26 (2008) 583–591 589As we have made the assumption that the 2-form dH ∧ dρ does not vanish on U and so it has the constant rank 2 on U ,
the ﬁeld [ρXH ,N∂/∂θi] belongs to the symplectic orthogonal (with respect to ω) of Ker(dH ∧ dρ), that we will denote
(Ker(dH ∧ dρ))ω . But, (Ker(dH ∧ dρ))ω = Span(Xρ, XH ); indeed, these two spaces have the same dimension 2 and Xρ
and XH belong to (Ker(dH ∧ dρ))ω because, if Y ∈ Ker(dH ∧ dρ), we have (Y .ρ)dH − (Y .H)dρ = 0, so using the fact that
dρ and dH are independent, (Y .ρ) = (Y .H) = 0, and so ﬁnally ω(Y , Xρ) = ω(Y , XH ) = 0. We conclude that there are some
functions f and g so that,[
ρXH ,N
∂
∂θi
]
= f Xρ + gXH ,
and so [ρXH ,N∂/∂θi] is vertical (but until now, we do not know if its coordinates are basic, i.e. if the functions f and g are
basic functions). To obtain more information on the ﬁeld [ρXH ,N∂/∂θi], write N∂/∂θi = B + V , where B is the part “along
the basis”, i.e. is generated by the ﬁelds ∂
∂q1
, . . . , ∂
∂qn
and V is the vertical part. Then, we have
[ρXH ,N∂/∂θi] = [ρXH , B] + [ρXH , V ];
in this equality, the only terms along the basis come from the ﬁrst bracket in the second hand and must be equal to 0. Now,
because ρ is a basic function and XH is vertical with basic coeﬃcients, this fact implies that we must have XH .b = 0 for all
the coordinates b of B and so, because H is non-degenerate, B must have basic coeﬃcients owing to the ﬁrst proposition
of this paper.
Now, applying Eq. (6) to Y = ∂/∂q j , we get
ω
(
f XH + gXρ, ∂
∂q j
)
= dH
(
N
∂
∂θi
)
∂ρ
∂q j
− dρ
(
N
∂
∂θi
)
∂H
∂q j
and so, for all j ∈ {1, . . . ,n}, we obtain that
ω
(
f XH + gXρ, ∂
∂q j
)
= f ∂H
∂q j
+ g ∂ρ
∂q j
must be a basic function. It results, that for all j ∈ {1, . . . ,n}, we have
(XH ). f
∂H
∂q j
+ (XH ).g ∂ρ
∂q j
= 0
because H and ρ are basic functions. Finally, using the assumption dρ ∧ dH = 0, we obtain that
(XH ). f = (XH ).g = 0
and so, f and g are basic. In conclusion, for all i ∈ {1, . . . ,n}, the ﬁeld [ρXH ,N∂/∂θi] is vertical with basic coordinates and
so, owing to Lemma 3.4, N∂/∂θi has basic coordinates, i.e.
N
∂
∂θi
=
n∑
i, j=1
aij(q)
∂
∂q j
+
n∑
i, j=1
bij(q)
∂
∂θ j
.  (7)
Theorem 3.6. Let be S := (M,ω,π, B) an ALD ﬁbration and H a non-degenerate basic function on M so that the Hamiltonian vector
ﬁeld Z = XH be quasi-bi-Hamiltonian relatively to a regular ωN-structure on M, with a basic integrating factor. Then S is a DN
separable ﬁbration.
Proof. According to the previous proposition, we can easily give the expression of ω1 in the action-angle coordinates
(q1, . . . ,qn, θ1, . . . , θn).
From the relation (4), we have for all i, j ∈ {1, . . . ,n},
ω1
(
∂
∂θi
,
∂
∂θ j
)
= ω
(
N
∂
∂θi
,
∂
∂θ j
)
= aij(q)
and
ω1
(
∂
∂θi
,
∂
∂q j
)
= ω
(
N
∂
∂θi
,
∂
∂q j
)
= −bij(q),
so we have
ω1 =
n∑
i, j=1
aij(q)dθi ∧ dθ j +
n∑
i, j=1
b ji(q)dqi ∧ dθ j +
n∑
i, j=1
ci j(q, θ)dqi ∧ dq j,
with for all i, j ∈ {1, . . . ,n}, aij = −a ji and ci j = −c ji . Note that Eq. (4) does not give any information on the last coeﬃ-
cients ci j . Writing that dω1 = 0, and looking ﬁrst at the terms dqi ∧ dq j ∧ dθk , we get that all the coeﬃcients ∂ci j are basic;∂θk
590 H. Boualem et al. / Differential Geometry and its Applications 26 (2008) 583–591but in this case, all the coeﬃcients ci j are aﬃne in the θk with basic coeﬃcients, and so ﬁnally all the coeﬃcients ci j are ba-
sic because they are global functions, so periodic in the θk . Now, looking at the terms dθi ∧dθ j ∧dqk in the relation dω1 = 0,
we obtain that
∂aij
∂dqk
= 0, so the aij are constant; we must now prove that they are zero, to complete our demonstration. To
reach this goal, we write that ρi XHω1 is closed and we look at the terms dθi ∧ dq j ; we get, that for all j,k,
n∑
i=1
aij
(
∂ρ
∂qk
∂H
∂qi
+ ρ ∂
2H
∂qk∂qi
)
= 0. (8)
Let be M the n × n-matrix M = (mik) where,
mki := ∂ρ
∂qk
∂H
∂qi
+ ρ ∂
2H
∂qk∂qi
.
Then M = M1 + M2 with
M1 =
(
∂ρ
∂qk
∂H
∂qi
)
k,i
and M2 =
(
ρ
∂2H
∂qk∂qi
)
k,i
.
We clearly have rank(M1) = 1 and rank(M2) = n, so rank(M)  n − 1. So, the relations (8) write MA = 0 where A is the
n × n-matrix A = (aij) and so the range of A is contained in the kernel of M; but, because M has a rank at least equal to
n− 1, its kernel has a dimension equal to 0 or 1. But A is antisymmetric so its rank is even and so A = 0, which gives that
the ﬁbration is bi-Lagrangian, i.e. separable. 
3.3. Characterization of ALD ﬁbrations which are quasi-bi-Hamiltonian
Theorem 3.7. Let be S := (M,ω,π, B) an ALD ﬁbration and H a non-degenerate basic function on M.
There is on M a regularωN-structure so that the Hamiltonian vector ﬁeld Z = XH be quasi-bi-Hamiltonian with a basic integrating
factor if and only if, we have the following conditions,
a) the ﬁbration is DN separable,
b) the local expression of ω1 in action-angle coordinates has basic coeﬃcients,
c) there is on B, a Nijenhuis operator N the 1-form α := dH ◦ N is integrable, i.e. α ∧ dα = 0 (with moreover here an integrating
factor) and in local action-angle coordinates (q1, . . . ,qn, θ1, . . . , θn), the 1-forms dq1 ◦ N, . . . ,dqn ◦ N are closed.
Proof. • Necessary conditions. According to the previous results, properties a) and b) are necessary. It remains to prove
the necessity of property c). Because the coeﬃcients of ω1 are basic, those of N are also basic and N is projectable with a
projected operator N given, according the relations
ω1
(
∂
∂qi
,
∂
∂θ j
)
= ω
(
N
(
∂
∂qi
)
,
∂
∂θ j
)
, i.e. b ji = dq j
(
N
(
∂
∂qi
))
,
by,
N =
n∑
i, j=1
bij(q)dqi ⊗ ∂
∂q j
.
Of course, N is also a Nijenhuis operator and according to its expression, we have that for i ∈ {1, . . . ,n},
(dqi ◦ N) =
n∑
j=1
bij dq j,
and so is closed, because ω1 is closed. Now, for all vector ﬁeld X tangent to the basis,
dH ◦ N(X) = i XHω ◦ N = ω(XH ,NX) = ω(XH ,NX) = ω(NXH , X) = ω1(XH , X),
so dH ◦ N = i XHω1, which admits an integrating factor and so is in particular integrable.• Suﬃcient conditions. If we assume satisﬁed conditions a), b), c), and if N is written
N =
n∑
i, j=1
bij(q)dqi ⊗ ∂
∂q j
,
we can deﬁne the operator N on the whole total space of the ﬁbration by the formula:
N :=
n∑
i, j=1
bij(q)dqi ⊗ ∂
∂q j
−
n∑
i, j=1
b ji(q)dθi ⊗ ∂
∂θ j
;
it is easy to verify that N is available for our request. 
H. Boualem et al. / Differential Geometry and its Applications 26 (2008) 583–591 591Remark 3.8. This last result is the generalization to the quasi-bi-Hamiltonian case of the study carried out in the references
[4,5,10] in the context of bi-Hamiltonian systems. For the bi-Hamiltonian case this kind of statement was used to construct
a few examples and essentially to show that the situation was very rigid and even exceptional. Counterexamples were given
to show that the existence of a bi-Hamiltonian structure is not always satisﬁed around a Liouville torus for a given Arnold–
Liouville system. Here it is quite different; indeed we can remark that for n = 4, a quasi-bi-Hamiltonian structure always
exists because, in this case, the basis is 2-dimensional and on a 2-surface, every non-singular 1-form is always integrable.
On the other hand, for n 6, the situation hardly seems more favorable as in the bi-Hamiltonian case. However, providing
counterexamples seems to be very diﬃcult.
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